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Abstract
The dynamics of inﬁnite-dimensional lattice systems is studied. A necessary and sufﬁcient
condition for asymptotic compactness of lattice dynamical systems is introduced. It is shown
that a lattice system has a global attractor if and only if it has a bounded absorbing set
and is asymptotically null. As an application, it is proved that the lattice reaction–diffusion
equation has a global attractor in a weighted l2 space, which is compact as well as contains
traveling waves. The upper semicontinuity of global attractors is also obtained when the lattice
reaction–diffusion equation is approached by ﬁnite-dimensional systems.
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1. Introduction
We study the asymptotic behavior of inﬁnite-dimensional lattice dynamical systems.
These systems arise from a variety of applications in sciences and engineering where the
spatial structure has a discrete character. Among such examples are image processing
[16–18], pattern recognition [12,14], chemical reaction [21,24], electrical engineering
[11], propagation of nerve pulses in myelinated axons [8,9,25,26], etc. On the other
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hand, lattice systems also arise from spatial discretizations of partial differential equa-
tions. In this respect, we refer the reader to Hale [23] for more details.
Lattice differential equations have been extensively studied in the literature. The
traveling wave solutions of such equations were investigated by [1,4,5,13,19–21,31]. The
chaotic properties of solutions were examined by [12,14,15] and the references therein.
For the asymptotic behavior of lattice systems, we refer the reader to [6,7,10,23,32].
In this paper, we are interested in the existence of global attractors for differential
equations on inﬁnite lattices. In this respect, the systems on inﬁnite lattices bear sim-
ilarity with partial differential equations deﬁned on unbounded domains. The author
of this paper observed in [30] that the “tail ends” of solutions for dissipative partial
differential equations on unbounded domains are uniformly small for large space and
time variables, which is crucial for verifying the asymptotic compactness of solutions
on unbounded domains. In [7], Bates et al. showed that the “tail ends” of the solutions
of ordinary differential equations on inﬁnite lattices are also uniformly small when
time is sufﬁciently large. Based on this fact, they proved the asymptotic compactness
of inﬁnite-dimensional lattice systems, and hence established the existence of compact
global attractors. In the present paper, we will further develop the idea of “tail ends”
estimates on solutions, and show that, along with other things, the uniform smallness
of solutions for large space and time variables is not only sufﬁcient, but also neces-
sary for the asymptotic compactness of inﬁnite-dimensional lattice systems. Actually,
we will present a necessary and sufﬁcient condition for asymptotic compactness of
inﬁnite-dimensional lattice systems in both standard and weighted lp spaces. As a con-
sequence, a necessary and sufﬁcient condition for existence of global attractors in these
spaces will be given.
The second goal of this paper is to investigate global attractors of the lattice reaction–
diffusion equation on the integer set Z:
u˙i = (ui−1 − 2ui + ui+1) + f (ui) + gi, i ∈ Z,
where  is a positive constant, g = (gi)i∈Z is given, f is a smooth function satisfying
a dissipative condition. The existence of a global attractor for this system was proved
in [7] in the standard l2 space, which does not include traveling wave solutions. The
existence of a global attractor in a locally uniform space was showed in [10], which
contains traveling wave solutions but is not compact in the topology of the phase
space. In this paper, we will prove that the lattice reaction–diffusion system has a
global attractor which contains traveling waves as well as is compact in a weighted l2
space. The idea of this paper is based on detailed estimates on “tail ends” of solutions
when time goes to inﬁnity.
This paper is organized as follows. In the next section, we recall some basic con-
cepts related to global attractors and present our main results. Section 3 is devoted
to a necessary and sufﬁcient condition for existence of a global attractor for inﬁnite-
dimensional lattice system in both standard and weighted lp spaces. In Section 4, we
deﬁne a continuous semigroup for the lattice reaction–diffusion equation in a weighted
l2 space. The existence of a global attractor for this system is given in Section 5,
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where we ﬁrst show that the system has a bounded absorbing set and then prove that
the system is asymptotically null by “tail ends” estimates on solutions for large time. In
the last section, we consider the upper semicontinuity of global attractors. We deﬁne a
family of ﬁnite-dimensional approximation systems for the inﬁnite-dimensional lattice
reaction–diffusion equation, and prove that the global attractors of these approximation
systems converge to the global attractor of the original system.
2. Main results
In this section, we describe our main results. We ﬁrst introduce a necessary and
sufﬁcient condition for existence of a global attractor for general inﬁnite-dimensional
lattice systems. We then present the existence of a global attractor for the lattice
reaction–diffusion equation in a weighted l2 space, which contains traveling waves as
well as is compact.
Let  be a positive smooth function on R and 0 < p < ∞. Then deﬁne a weighted
lp space as
lp() =
{
u = (ui)i∈Z :
∑
i∈Z
(i)|ui |p < ∞
}
with norm ‖u‖lp() =
(∑
i∈Z
(i)|ui |p
) 1
p
. Note that if (x) = 1 for all x ∈ R, then the
weighted space lp() coincides with the standard lp space. Let S(t)t0 be a semigroup
of operators in lp(). For our purpose, we introduce the following deﬁnition.
Deﬁnition 2.1. S(t)t0 is said to be asymptotically null in lp() if for any un =
(un,i)i∈Z bounded in lp() and tn → ∞, the following holds
lim
k→∞ lim supn→∞
∑
|i|k
(i)| (S(tn)un)i |p = 0.
The following standard notations are also needed in this paper (see, e.g., [22,28,29]).
A bounded set B of lp() is called an absorbing set for S(t)t0 if for every bounded
X ⊆ lp(), there is T (X) depending on X such that S(t)X ⊆ B for all tT (X).
S(t)t0 is said to asymptotically compact in lp() if un = (un,i)i∈Z is bounded in
lp() and tn → ∞, then S(t)un has a convergent subsequence. A subset A of lp()
is called a global attractor for S(t)t0 if A is a compact invariant subset and attracts
all bounded sets of lp() with respect to the norm topology of lp().
We remark that the concept of asymptotically null dynamical system in Deﬁnition 2.1
is motivated by the uniform smallness of “tail ends” of solutions for dissipative evo-
lution equations. In the next section, we will show that if S(t)t0 has a bounded
absorbing set in lp(), then S(t)t0 is asymptotically compact if and only if it is
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asymptotically null in lp(). Combining this fact with the well-known attractor the-
ory (see, e.g., [2,22,27–29]), we obtain the following result on existence of a global
attractor for a continuous semigroup in the phase space lp().
Theorem 2.2. Let S(t)t0 be a semigroup of continuous operators in lp(). Then
S(t)t0 has a global attractor in lp() if and only if S(t)t0 has a bounded absorbing
set and is asymptotically null in lp().
Next, we apply Theorem 2.2 and investigate global attractors for the lattice reaction–
diffusion system
u˙i = (ui−1 − 2ui + ui+1) + f (ui) + gi, i ∈ Z (2.1)
with the initial data
ui(0) = u0,i , i ∈ Z, (2.2)
where (ui)i∈Z is a sequence,  is a positive constant, g = (gi)i∈Z is given, f is a
smooth function which satisﬁes, for some positive constants ,  and :
f (0) = 0, f (u)u − u2 + , f ′(u), for u ∈ R. (2.3)
For the lattice reaction–diffusion system (2.1), we take the weight function (x) =
(1 + x2)− with a ﬁxed constant  > 12 . In this case, we write the weighted space
l2() as l2, that is
l2 =
{
u = (ui)i∈Z :
∑
i∈Z
(1 + i2)−u2i < ∞
}
with the norm
‖u‖ =
√∑
i∈Z
(1 + i2)−u2i .
Note that l2 is a Hilbert space with the inner product
(u, v) =
∑
i∈Z
(1 + i2)−uivi, u = (ui)i∈Z, v = (vi)i∈Z ∈ l2.
Due to the weight (1 + i2)−, the space l2 contains all bounded sequences.
Especially, it contains all traveling wave solutions. For later purpose, we deﬁne
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a function :
(x) = (1 + |x|2)−, x ∈ R, (2.4)
where
 = min
{
1
63
,

23
,

2233
}
. (2.5)
It is easy to verify that  satisﬁes the following inequalities:
∣∣∣∣ ddx(x)
∣∣∣∣ (x), x ∈ R, (2.6)
‖u‖2
∑
i∈Z
(1 + (i)2)−u2i −2‖u‖2, (2.7)
3−(i)(i ± 1)3(i), i ∈ Z (2.8)
and
|(i + 1) − (i)|3(i), i ∈ Z. (2.9)
Inequality (2.7) shows that the norm ‖ · ‖ is equivalent to the norm ∑i∈Z (1 +
(i)−u2i )
1
2 for u = (ui)i∈Z ∈ l2. As usual, we denote the norm and the inner product
of l2 by ‖ · ‖ and (·, ·), respectively.
The following result shows that one can deﬁne a continuous dynamical system for
problem (2.1)–(2.2) in the space l2.
Theorem 2.3. Suppose (2.3) holds and g ∈ l2 with  > 12 . Then one can associate
problem (2.1)–(2.2) with a continuous semigroup S(t)t0 in l2 such that, when the
initial datum u0 ∈ l2, S(t)u0 is the unique solution of problem (2.1)–(2.2).
Our next result is concerned with existence of a global attractor for the dynamical
system S(t)t0.
Theorem 2.4. Suppose (2.3) holds and g ∈ l2 with  > 12 . then the dynamical system
S(t)t0 has a global attractor A in l2 , which is a compact invariant set and attracts
every bounded set with respect to the norm topology of l2.
Notice that the phase space l2 contains all traveling wave solutions, and therefore,
the global attractor A obtained in Theorem 2.4 also includes all traveling waves.
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Now we consider ﬁnite-dimensional approximations on ﬁnite lattices {−n, . . . , 0, . . . ,
n} for problem (2.1)–(2.2). In the last section, we will show that for each n1, the
ﬁnite-dimensional approximation system has a global attractor An in R2n+1 which
can be embedded into l2 by zero extension. Further, we will prove that these global
attractors are upper semicontinuous when n → ∞. In other words, the following result
will be established in Section 6.
Theorem 2.5. Suppose (2.3) holds and g ∈ l2 with  > 12 . Let An be the global
attractor of problem (2.1)–(2.2) on ﬁnite lattices {−n, . . . , 0, . . . , n}. Then An is upper
semicontinuous to A when n → ∞, that is
lim
n→∞ dl2(An,A) = 0,
where
dl2(An,A) = sup
a∈An
distl2(a,A).
3. Asymptotic compactness of lattice systems
In this section, we provide a necessary and sufﬁcient condition for asymptotic com-
pactness of continuous semigroups in the phase space lp() for any positive smooth
weight function . We then prove Theorem 2.2, a necessary and sufﬁcient condition
for existence of a global attractor for lattice dynamical systems. We start with precom-
pactness of subsets in standard lp space.
Theorem 3.1. Let 0 < p < ∞ and S ⊆ lp. Then S is precompact in lp if and only if
both of the following conditions are satisﬁed:
(i) S is bounded in lp,
(ii) lim
k→∞ supu=(ui )i∈Z∈S
∑
|i|k
|ui |p = 0.
Proof. The proof is divided into two steps. We ﬁrst show the necessity of the conditions,
and then prove the sufﬁciency.
(1) Assume that S is precompact in lp. Then we want to show conditions (i) and
(ii) hold. Clearly, in this case, S must be bounded. So we only need to prove
condition (ii).
Given  > 0, since S is precompact, there exists a ﬁnite subset E of S such that the
balls of radii 2 centered at E form a ﬁnite covering of S. Therefore, for every u ∈ S,
there exists v ∈ E such that
‖u − v‖lp 2 . (3.1)
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Since E is a ﬁnite set and lim
k→∞
∑
|i|k
|vi |p = 0 for every v ∈ lp, we ﬁnd that there
exists K() > 0 such that
⎛
⎝ ∑
|i|K()
|vi |p
⎞
⎠
1
p
 
2
, for all v = (vi)i∈Z ∈ E . (3.2)
It follows from (3.1)–(3.2) that, for every u ∈ S, there exists v ∈ E such that
⎛
⎝ ∑
|i|K()
|ui |p
⎞
⎠
1
p

⎛
⎝ ∑
|i|K()
|ui − vi |p
⎞
⎠
1
p
+
⎛
⎝ ∑
|i|K()
|vi |p
⎞
⎠
1
p
 
2
+ 
2
= ,
which implies that for all kK() and u ∈ S:
⎛
⎝∑
|i|k
|ui |p
⎞
⎠
1
p

⎛
⎝ ∑
|i|K()
|ui |p
⎞
⎠
1
p
.
In other words, for all kK(), we have
sup
u∈S
∑
|i|k
|ui |pp,
which implies condition (ii).
(2) Assume that conditions (i) and (ii) are valid. We want to prove S is precompact
in lp. That is, given  > 0, we want to show that S has a ﬁnite covering of balls of
radii . By condition (ii), we ﬁnd that there exists K() > 0 such that
⎛
⎝ ∑
|i|K()
|ui |p
⎞
⎠
1
p
 
3
, for all u = (ui)i∈Z ∈ S. (3.3)
Consider the set S¯ = {(ui)|i|K() : u = (u)i∈Z ∈ S} in R2K()+1. By condition (i) we
know S¯ is bounded in R2K()+1 and hence it is precompact in R2K()+1. Then there
exists a ﬁnite subset E of S¯ such that the balls of radii 3 centered at E form a ﬁnite
covering of S¯, which together with (3.3) imply that the set S has a ﬁnite covering of
balls of radii  for any given  > 0. The proof is complete. 
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The next result is a variant of Theorem 3.1 which shows that condition (ii) in The-
orem 3.1 has an equivalent form which is easier to verify for asymptotic compactness
of dynamical systems associated with differential equations.
Theorem 3.2. Let 0 < p < ∞ and {un}∞n=1 = {(un,i)i∈Z}∞n=1 ⊆ lp. Then {un}∞n=1 is
precompact in lp if and only if both of the following conditions are satisﬁed:
(i) {un}∞n=1 is bounded in lp;
(ii) lim
k→∞ lim supn→∞
∑
|i|k
|un,i |p = 0.
Proof. If {un}∞n=1 is precompact is lp, then it follows from Theorem 3.1 that the above
conditions (i) and (ii) are satisﬁed. So, to complete the proof, we only need to show
that the above conditions (i) and (ii) imply the conditions in Theorem 3.1. Given  > 0,
it follows from condition (ii) that there exists K1() > 0 such that
lim sup
n→∞
∑
|i|K1()
|un,i |p 2 ,
which implies that there exists N() > 0 such that
∑
|i|K1()
|un,i |p, for nN(). (3.4)
Consider the set S˜ = {un}N()n=1 . Since S˜ is a ﬁnite set and lim
k→∞
∑
|i|k
|ui |p = 0 for all
u ∈ lp, we know that there exists K2() > 0 such that
∑
|i|K2()
|un,i |p, for nN(). (3.5)
Let K() = max{K1(),K2()}. Then it follows from (3.4)–(3.5) that
∑
|i|K()
|un,i |p, for all n1,
which implies that
∑
|i|k
|un,i |p, for all kK() and n1. (3.6)
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Notice that (3.6) demonstrates that, given  > 0, there exists K() such that for all
kK():
sup
{un}∞n=1
∑
|i|k
|un,i |p,
which together with condition (i) shows that the conditions in Theorem 3.1 are satisﬁed
with S = {un}∞n=1. The proof is complete. 
Let  be a positive smooth function. We now establish the precompactness of
sequences in lp(). Notice that a sequence u = (ui)i∈Z ∈ lp() if and only if
((i)
1
p ui)i∈Z ∈ lp. As an immediate consequence of Theorem 3.2, the following pre-
compactness criteria hold in lp().
Corollary 3.3. Let  be a positive smooth function, 0 < p < ∞ and {un}∞n=1 ={(un,i)i∈Z}∞n=1 ⊆ lp(). Then {un}∞n=1 is precompact in lp() if and only if both of thefollowing conditions are satisﬁed:
(i) {un}∞n=1 is bounded in lp();
(ii) lim
k→∞ lim supn→∞
∑
|i|k
(i)|un,i |p = 0.
By Corollary 3.3 and Deﬁnition 2.1, we ﬁnd a necessary and sufﬁcient condition for
asymptotic compactness of a semigroup in lp().
Corollary 3.4. Suppose  is a positive smooth function, 0 < p < ∞ and S(t)t0 is
a semigroup of operators in lp(). Then S(t)t0 is asymptotically compact in lp()
if and only if S(t)t0 is asymptotically null in lp() and {S(tn)un}∞n=1 is bounded in
lp() provided {un}∞n=1 is bounded and tn → ∞.
We are now in a position to complete the proof of Theorem 2.2.
Proof of Theorem 2.2. It follows from a well-know result (see, e.g., [2,3,22,28,29])
that a continuous semigroup has a global attractor if and only if it has a bounded
absorbing set and is asymptotically compact, which along with Corollary 3.4 implies
that a semigroup S(t)t0 of continuous operators in lp() has a global attractor if and
only S(t)t0 has a bounded absorbing set and is asymptotically null in lp(). The
proof is complete. 
4. Dynamical system associated with lattice equations
In this section, we deﬁne a continuous dynamical system S(t)t0 associated with
problem (2.1)–(2.2). For this purpose, we ﬁrst show that problem (2.1)–(2.2) is well-
posed in the standard space l2, and then extend the solution operator from l2 to l2 by
a continuity argument.
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Next, we reformulate problem (2.1)–(2.2) as an abstract ordinary equation in l2. For
each sequence u = (ui)i∈Z, deﬁne linear operators on l2 by
(Bu)i = ui+1 − ui, (B∗u)i = ui−1 − ui
and
(Au)i = −ui−1 + 2ui − ui+1, for each i ∈ Z.
Then we ﬁnd that
A = BB∗ = B∗B,
(B∗u, v) = (u, Bv), for all u, v ∈ l2
and
|(B)(i)|3(i), |(B∗)(i)|3(i), i ∈ Z. (4.1)
Note that (4.1) follows from (2.9). We now deﬁne an operator f˜ from l2 to l2 which is
associated with f. For each u = (ui)i∈Z, let f˜ (u) = (f (ui))i∈Z. To simplify notations,
we identify f˜ with f and use the same symbol f to denote them. Then problem (2.1)–
(2.2) is equivalent to the following equation with u = (ui)i∈Z ∈ l2:
u˙ + Au = f (u) + g, for t > 0 (4.2)
and
u(0) = u0 ∈ l2. (4.3)
In what follows, we show that problem (4.2)–(4.3) is well-posed in l2. It is easy to
verify that f maps l2 to l2 by simple computations. Further f is locally Lipschitz
from l2 to l2, more precisely, for every bounded set Y in l2, there exists a constant C
depending only on Y such that
‖f (u) − f (v)‖C‖u − v‖, for all u, v ∈ Y.
Then it follows from the standard theory of ordinary differential equations that there
exists a unique local solution u for problem (4.2)–(4.3) such that u ∈ C1 ((−T0, T0), l2)
for some T0 > 0. The following estimates show that this local solution u is actually
deﬁned for all t0.
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Lemma 4.1. Assume that (2.3) holds and g ∈ l2. Then any solution u of problem
(4.2)–(4.3) satisﬁes, for every T > 0,
‖u(t)‖C, for all 0 tT ,
where C is a constant depending on , ‖g‖, ‖u0‖ and T.
In the sequel, we denote by C any positive constant which may change value from
line to line.
Proof. Taking the inner product of (4.2) with u in l2, we ﬁnd that
1
2
d
dt
‖u‖2 + ‖Bu‖2 = (f (u), u) + (g, u). (4.4)
It follows from (2.3) that the nonlinear term satisﬁes, for some 	i between 0 and ui :
(f (u), u) =
∑
i∈Z
f (ui)ui =
∑
i∈Z
(f (ui) − f (0))ui =
∑
i∈Z
f ′(	i )u2i ‖u‖2. (4.5)
By (4.4)–(4.5) we can obtain
d
dt
‖u‖2C‖u‖2 + ‖g‖2,
which along with Gronwall’s inequality concludes the proof. 
As a consequence of Lemma 4.1, we see that the solution of problem (4.2)–(4.3) is
globally deﬁned in l2. Note that for any  > 12 (in fact for any 0), l2 is contained
in the weighted space l2. Therefore, the solutions in l2 are actually functions in l2.
Next, we establish the Lipschitz continuity of the solutions in l2, which is necessary
for extension of the solution operator from l2 to l2.
Lemma 4.2. Assume that (2.3) holds and g1, g2 ∈ l2. If u1 and u2 are two solutions
of problem (4.2)–(4.3) with g replaced by g1 and g2, respectively, then there exists a
constant C depending on , ,  and T such that for all t ∈ [0, T ]:
‖u1(t) − u2(t)‖C (‖u1(0) − u2(0)‖ + ‖g1 − g2‖) .
Proof. Let v = u1 − u2. Then it follows from (4.2) that
dv
dt
+ Av = f (u1) − f (u2) + g1 − g2.
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Taking the inner product of the above with v in l2, we get
1
2
d
dt
‖v‖2 + (Av, v) = (f (u1) − f (u2), v) + (g1 − g2, v). (4.6)
Next, we estimate the term (Av, v). Note that
(Av, v) = (Bv, Bv¯), (4.7)
where v¯ = (v¯i)i∈Z = ((1 + i2)−vi)i∈Z, and
(Bv¯)i = v¯i+1 − v¯i = (B1)ivi+1 + 1(i)(Bv)i, (4.8)
where 1 is the function  with  = 1. By (4.7)–(4.8) we ﬁnd
(Av, v) =
∑
i∈Z
(Bv)i(B1)ivi+1 +
∑
i∈Z
1(i)|(Bv)i |2. (4.9)
By (4.1) and (2.8) we have the following bounds for the ﬁrst term on the right-hand
side of (4.9).∣∣∣∣∣
∑
i∈Z
(Bv)i(B1)ivi+1
∣∣∣∣∣ 
∑
i∈Z
31(i)|(Bv)i ||vi+1|
 1
2
∑
i∈Z
1(i)|(Bv)i |2 +
1
2
∑
i∈Z
(3)21(i)|vi+1|2
 1
2
∑
i∈Z
1(i)|(Bv)i |2 +
1
2
∑
i∈Z
(3)21(i − 1)|vi |2
 1
2
∑
i∈Z
1(i)|(Bv)i |2 +
1
2
(3)23
∑
i∈Z
1(i)|vi |2
= 1
2
‖Bv‖2 +
1
2
233‖v‖2.
By (4.9) and the above we have
(Av, v)
1
2
‖Bv‖2 −
1
2
233‖v‖2. (4.10)
For the ﬁrst term on the right-hand side of (4.6), by (2.3) we ﬁnd that
|(f (u1) − f (u2), v)|‖v‖2. (4.11)
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The second term on the right-hand side of (4.6) is bounded by
|(g1 − g2, v)|‖g1 − g2‖‖v‖‖v‖2 +
1
4
‖g1 − g2‖2. (4.12)
By (4.6) and (4.10)–(4.12) we obtain
d
dt
‖v‖2 + ‖Bv‖2(2 + 2 + 233)‖v‖2 +
1
2
‖g1 − g2‖2,
which and Gronwall’s lemma imply Lemma 4.2. 
In what follows, we prove Theorem 2.3 and deﬁne a dynamical system for problem
(2.1)–(2.2).
Proof of Theorem 2.3. Given T > 0, By Lemma 4.2, there is a mapping G from l2×l2
into C([0, T ], l2) such that for every (u0, g) ∈ l2 × l2, G(u0, g) is the unique solution
of problem (2.1)–(2.2). Furthermore, the mapping G is continuous from l2× l2 ⊂ l2× l2
into C([0, T ], l2). Since l2 × l2 is dense in l2 × l2, G can be extended uniquely to a
mapping G˜ from l2 × l2 into C([0, T ], l2). We now ﬁx g ∈ l2 and deﬁne a semigroup
S(t)t0 : l2 → l2 such that, for every t0 and u0 ∈ l2, S(t)u0 = G˜(u0, g)(t). Clearly,
S(t)t0 is a continuous semigroup. The proof is complete. 
5. Global attractors for lattice reaction–diffusion systems
In this section, we establish the existence of a global attractor for the lattice reaction–
diffusion system in l2. We ﬁrst prove the existence of a bounded absorbing set for the
dynamical system S(t)t0, and then show that S(t)t0 is asymptotically null. The
uniform estimates on “tail ends” of solutions will play a crucial role.
Lemma 5.1. Suppose (2.3) holds and g ∈ l2. Let R be a positive constant and
‖u0‖R. Then u(t) = S(t)u0 satisﬁes
‖u(t)‖M, for tT ,
where M is a constant depending on the data (, , , ), and T depending on the data
(, , , ) and R.
Proof. Taking the inner product of (4.2) with u in l2, we get
1
2
d
dt
∑
i∈Z
(i)|ui |2 + 
∑
i∈Z
(i)(Au)iui =
∑
i∈Z
(i)f (ui)ui +
∑
i∈Z
(i)giui .
(5.1)
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We now estimate each term of (5.1). It follows from (2.3) that the ﬁrst term on the
right-hand side of (5.1) is bounded by
∑
i∈Z
(i)f (ui)ui − 
∑
i∈Z
(i)|ui |2 + 
∑
i∈Z
(i). (5.2)
The last term on the right-hand side of (5.1) has the estimates
∣∣∣∣∣
∑
i∈Z
(i)giui
∣∣∣∣∣  4
∑
i∈Z
(i)|ui |2 +
1

∑
i∈Z
(i)|gi |2. (5.3)
Similar to (4.10), the second term on the left-hand side of (5.1) satisﬁes
∑
i∈Z
(i)(Au)iui
1
2
∑
i∈Z
(i)|(Bu)i |2 −
1
2
2233
∑
i∈Z
(i)|ui |2. (5.4)
Finally, by (5.1)–(5.4) we obtain
d
dt
∑
i∈Z
(i)|ui |2 + 
∑
i∈Z
(i)|(Bu)i |2 + 2
(
3
4
 − 1
2
2233
)∑
i∈Z
(i)|vi |2
2
∑
i∈Z
(i) +
2

∑
i∈Z
(i)|gi |2. (5.5)
Since  satisﬁes (2.5), it follows from the above that
d
dt
∑
i∈Z
(i)|ui |2 + 
∑
i∈Z
(i)|vi |2C,
where C is the value given by the right-hand side of (5.5), which is ﬁnite by the
deﬁnition of . Lemma 5.1 then follows from Gronwall’s inequality. The proof is
complete. 
In the sequel, we denote by B the bounded set in l2:
B = {u ∈ l2 : ‖u‖M}, (5.6)
where M is the constant in Lemma 5.1. It follows from Lemma 5.1 that the set B is
an absorbing set for the dynamical system S(t)t0 in the phase space l2. Next, we
establish the “tail ends” estimates on solutions when t → ∞, which is crucial for
construction of global attractors for S(t)t0.
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Lemma 5.2. Suppose (2.3) holds and g ∈ l2. Let R be a ﬁxed positive number. Then
the semigroup S(t)t0 satisﬁes
lim
k→∞ lim supt→∞
sup
‖u0‖R
∑
|i|k
1(i)|(S(t)u0)i |2 = 0.
Proof. Let 
 be a smooth cut-off function satisfying 0
(s)1 for s0 and

(s) = 0 for 0s1; 
(s) = 1 for s2.
Taking the inner product of (4.2) with
(

( |i|
k
)ui
)
i∈Z in l
2
, we ﬁnd
1
2
d
dt
∑
i∈Z


( |i|
k
)
(i)|ui |2 + 
∑
i∈Z


( |i|
k
)
(i)(Au)iui
=
∑
i∈Z


( |i|
k
)
(i)f (ui)ui +
∑
i∈Z


( |i|
k
)
(i)giui . (5.7)
In what follows, we estimate each term in (5.7). Note that the second term on the
left-hand side of (5.7) can be rewritten as

∑
i∈Z


( |i|
k
)
(i)(Au)iui = (Bu,Bu¯), (5.8)
where u¯ = (u¯i)i∈Z =
(

( |i|
k
)(i)ui
)
i∈Z, and
(Bu¯)i = u¯i+1 − u¯i =
(


( |i + 1|
k
)
− 

( |i|
k
))
(i + 1)ui+1
+ 

( |i|
k
)
(B)iui+1 + 

( |i|
k
)
(i)(Bu)i . (5.9)
By (5.8)–(5.9) we have

∑
i∈Z


( |i|
k
)
(i)(Au)iui = 
∑
i∈Z
(


( |i + 1|
k
)
− 

( |i|
k
))
(i + 1)ui+1(Bu)i
+ 
∑
i∈Z


( |i|
k
)
(B)iui+1(Bu)i
+
∑
i∈Z


( |i|
k
)
(i)|(Bu)i |2. (5.10)
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It follows from (2.3) that the ﬁrst term on the right-hand side of (5.7) is bounded by
∑
i∈Z


( |i|
k
)
(i)f (ui)ui  −
∑
i∈Z


( |i|
k
)
(i)|ui |2
+
∑
i∈Z


( |i|
k
)
(i). (5.11)
Substituting (5.10)–(5.11) into (5.7), we get
1
2
d
dt
∑
i∈Z


( |i|
k
)
(i)|ui |2 + 
∑
i∈Z


( |i|
k
)
(i)|(Bu)i |2
+
∑
i∈Z


( |i|
k
)
(i)|ui |2
 − 
∑
i∈Z
(


( |i + 1|
k
)
− 

( |i|
k
))
×(i + 1)ui+1(Bu)i − 
∑
i∈Z


( |i|
k
)
(B)iui+1(Bu)i
+
∑
i∈Z


( |i|
k
)
(i) +
∑
i∈Z


( |i|
k
)
(i)giui . (5.12)
We now estimate the right-hand side of (5.12). The ﬁrst term on the right-hand side
of (5.12) satisﬁes
∣∣∣∣∣
∑
i∈Z
(


( |i + 1|
k
)
− 

( |i|
k
))
(i + 1)ui+1(Bu)i
∣∣∣∣∣
 
k
∑
i∈Z
|
′(	i )(i + 1)ui+1(Bu)i |
 C1
k
∑
i∈Z
(i + 1)|u2i+1 − ui+1ui |
C2
k
∑
i∈Z
(i)|ui |2
C3
k
, for tT ,
(5.13)
where the last inequality is obtained by Lemma 5.1 and the constant C3 is independent
of k. By (2.5) and (4.1), we ﬁnd the following estimates for the second term on the
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right-hand side of (5.12)

∣∣∣∣∣
∑
i∈Z


( |i|
k
)
(B)iui+1(Bu)i
∣∣∣∣∣ 3
∑
i∈Z


( |i|
k
)
(i)|ui+1(Bu)i |
3
∑
i∈Z


( |i|
k
)
(i)|((Bu)i + ui)(Bu)i |
 3
2
3
∑
i∈Z


( |i|
k
)
(i)|(Bu)i |2 +
1
2
3
∑
i∈Z


( |i|
k
)
(i)|ui |2
 1
4

∑
i∈Z


( |i|
k
)
(i)|(Bu)i |2 +
1
4

∑
i∈Z


( |i|
k
)
(i)|ui |2. (5.14)
By the property of the cut-off function 
, the last two terms on the right-hand side of
(5.12) are bounded by

∑
i∈Z


( |i|
k
)
(i) = 
∑
|i|k


( |i|
k
)
(i)
∑
|i|k
(i) (5.15)
and
∑
i∈Z


( |i|
k
)
(i)giui 

4
∑
i∈Z


( |i|
k
)
(i)|ui |2 +
1

∑
i∈Z


( |i|
k
)
(i)|gi |2
 
4
∑
i∈Z


( |i|
k
)
(i)|ui |2 +
1

∑
|i|k
(i)|gi |2. (5.16)
Finally, by (5.12)–(5.16) we obtain, for tT ,
d
dt
∑
i∈Z


( |i|
k
)
(i)|ui |2 + 
∑
i∈Z


( |i|
k
)
(i)|(Bu)i |2 + 
∑
i∈Z


( |i|
k
)
(i)|ui |2
 C
k
+ 2
∑
|i|k
(i) +
2

∑
|i|k
(i)|gi |2. (5.17)
Dropping the second term on the left-hand side of (5.17) and applying Gronwall’s
inequality, we ﬁnd, for tT ,
∑
i∈Z


( |i|
k
)
(i)|ui(t)|2
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e−(t−T )
∑
i∈Z


( |i|
k
)
(i)|ui(T )|2
+1

⎛
⎝C
k
+ 2
∑
|i|k
(i) +
2

∑
|i|k
(i)|gi |2
⎞
⎠
C1e−(t−T )‖u(T )‖2 +
1

⎛
⎝C
k
+ 2
∑
|i|k
(i) +
2

∑
|i|k
(i)|gi |2
⎞
⎠
C2e−(t−T ) + 1

⎛
⎝C
k
+ 2
∑
|i|k
(i) +
2

∑
|i|k
(i)|gi |2
⎞
⎠ ,
where the last inequality is obtained by Lemma 5.1. Since 
(s) = 1 for s2, it follows
from the above that, for tT ,
∑
|i|2k
(i)|ui(t)|2  C2e−(t−T ) +
1

⎛
⎝C
k
+ 2
∑
|i|k
(i)
+2

∑
|i|k
(i)|gi |2
⎞
⎠ . (5.18)
Finally, Lemma 5.2 follows by ﬁrst taking the limit of (5.18) as t → ∞, and then
taking the limit as k → ∞. The proof is complete. 
As an immediate consequence of Lemma 5.2, we see that the semigroup S(t)t0 is
asymptotically null in l2.
Corollary 5.3. Suppose (2.3) holds and g ∈ l2. Then the dynamical system S(t)t0 is
asymptotically null in l2.
We are now ready to prove the existence of a global attractor for S(t)t0.
Proof of Theorem 2.4. Notice that S(t)t0 has a bounded absorbing set in l2 which is
given by (5.6). Also, Corollary 5.3 states that S(t)t0 is asymptotically null. Therefore
it follows from Theorem 2.2 that S(t)t0 has a global attractor in l2 which is a compact
invariant set and attracts all bounded subsets of l2 with respect to the norm topology
of l2. The proof is complete.
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6. Upper semicontinuity of global attractors
In this section, we study the approximation problem of global attractors for the
inﬁnite-dimensional lattice reaction–diffusion system. We ﬁrst deﬁne ﬁnite-dimensional
approximation systems for problem (2.1)–(2.2) on ﬁnite lattices, and then prove that
the global attractors of approximation systems converge to the global attractor of the
original inﬁnite-dimensional system when the dimensions of approximation systems go
to inﬁnity.
For every integer n1, consider the (2n+1)-dimensional ordinary differential equa-
tion:
u˙−n = − (−un + 2u−n − u−n+1) + f (u−n) + g−n,
u˙−n+1 = − (−u−n + 2u−n+1 − u−n+2) + f (u−n+1) + g−n+1,
...
u˙n−1 = − (−un−2 + 2un−1 − un) + f (un−1) + gn−1,
u˙n = − (−un−1 + 2un − u−n) + f (un) + gn
with the initial data
(u−n, . . . , un)(0) = (u0,−n, . . . , u0,n) ∈ R2n+1.
Let A˜ be the (2n + 1) × (2n + 1) matrix:
A˜ =
⎛
⎜⎜⎜⎜⎝
2 −1 0 0 0 . . . 0 0 −1
−1 2 −1 0 0 . . . 0 0 0
0 −1 2 −1 0 . . . 0 0 0
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
0 0 0 0 0 . . . −1 2 −1
−1 0 0 0 0 . . . 0 −1 2
⎞
⎟⎟⎟⎟⎠
(2n+1)×(2n+1)
,
where the entries on the main diagonal are all 2; −1’s on the ﬁrst super- and sub-
diagonals; 0’s elsewhere. Then the above system is equivalent to the following equation:
u˙ + A˜u = f (u) + g˜, t > 0, (6.1)
u(0) = u0 ∈ R2n+1, (6.2)
where u = (ui)|i|n, f (u) = (f (ui))|i|n, and g˜ = (gi)|i|n. It is not difﬁcult to
verify that for every u0 ∈ R2n+1, problem (6.1)–(6.2) has a unique solution u ∈
C([0,+∞),R2n+1)⋂C1((0,+∞),R2n+1). This establishes the existence of a dy-
namical system {Sn(t)}t0 which maps R2n+1 to R2n+1 such that for every u0 ∈
R2n+1, Sn(t)u0 = u(t), the solution of problem (6.1)–(6.2).
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Given an element u ∈ R2n+1, we identify u with its natural embedding into l2. Then,
similar to the proof of Lemma 5.1, we can show that for every n1, the semigroup
{Sn(t)}t0 has a bounded absorbing set Bn in R2n+1 which is given by
Bn =
{
u ∈ R2n+1 : ‖u‖l2M
}
,
where M is the same constant as in Lemma 5.1. Since R2n+1 is ﬁnite-dimensional,
the bounded sets are precompact in R2n+1. Therefore, it follows that the semigroup
{Sn(t)}t0 has a global attractor An ⊆ Bn. Next, we show that the global attractors
An, with natural embedding into l2, converge to the global attractor A of the original
lattice dynamical system (2.1)–(2.2). For that purpose, we need the following “tail
ends” estimates on An.
Lemma 6.1. Suppose (2.3) holds and g ∈ l2. Then the global attractors An satisfy
lim
k→∞ supn1
sup
u∈An
∑
|i|k
1(i)|ui |2 = 0.
Proof. The proof is essentially similar to that of Lemma 5.2 with minor modiﬁcations,
and therefore the details are omitted here. 
Based on Lemma 6.1, we can obtain the following convergence result which is
important for verifying the upper semicontinuity of global attractors.
Lemma 6.2. Suppose (2.3) holds, g ∈ l2, and un ∈ An. Then there exists a subsequence
unk of un and u ∈ A such that unk converges to u in l2.
Proof. The proof is almost identical to that of Lemma 4.3 in [7]. The only difference
is that Lemma 6.1 and the weighted space l2 should be used in the present case. We
will not pursue the details here again. 
We are now ready to show the upper semicontinuity of global attractors An.
Proof of Theorem 2.5. We argue by contradiction. If Theorem 2.5 is not true, then
there exist a sequence unk ∈ Ank and  > 0 such that
dl2
(unk ,A) > 0.
However, by Lemma 6.2, we know that there exists a subsequence unkm of unk such that
dl2
(
unkmA
) → 0,
a contradiction, which concludes the proof. 
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Remark. For simplicity, in this paper, we only consider the lattice dynamical systems
deﬁned on the integer set Z. It is evident that all results of this paper are also valid for
lattice systems deﬁned on the product space Zm with m1. In this case, the weighted
space l2 should be deﬁned by
l2 =
⎧⎨
⎩u = (ui)i∈Zm :
∑
i∈Zm
(1 + |i|2)−|ui |2 < ∞
⎫⎬
⎭
with  > m2 . Theorems 2.3–2.5 still hold if the condition  >
1
2 is replaced by  >
m
2 .
Theorem 2.2 remains true without any changes.
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